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CORRIGENDUM TO THE PROOF OF ONE THEOREM IN THE
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Abstract. In this note, the correction to the proof of one theorem in some
our previous paper will be given.
In the proof of [4, Theorem 3.4] there is the following mistake: in row −12, page
1650050− 11, we affirmed that by applying [3, Theorem 5], it follows that M is a
(locally abelian)-by-finite group. But, in the reality, this argument is not valid as
it was well remarked in recently accepted paper [1]. Then, in the main theorem
of [1], the author has proved the similar result as our in [4, Theorem 3.4], but for
more narrow class of division rings. In fact, he proved the result for centrally finite
division rings, while our theorem holds for locally finite division rings. Firstly, we
must confirm that [4, Theorem 3.4] is always true. Moreover, this result was gener-
alized in [2, Theorem 3.1] for more general circumstance. Hence, [1, Theorem 4.1],
and [4, Theorem 3.4] both are particular cases of [2, Theorem 3.1]. Our purpose in
this note is to give the another proof of [4, Theorem 3.4]. The idea of this proof is
very different from our in the proof of [2, Theorem 3.1], and has no any connection
with the proof of [1, Theorem 4.1].
For the next use, we need some lemmas.
Lemma 1. Let D be a locally finite division ring with the center F , and G a
subgroup of D∗. If G′ is radical over F , then G′ is locally finite and either G′ ∼=
SL(2, 5) or G is solvable.
Proof. In the first, we show that if an element x ∈ D′ is radical over F then x is
periodic. Indeed, assume that x = [x1, y1] . . . [xk, yk] and x
n = a ∈ F for some
positive integer n. The division subring K = F (x1, y1, . . . , xk, yk) generated by
x1, y1, . . . , xk, yk over F in D is a finite dimensional vector space over F , say, of
degree m = [K : F ]. Hence,
1 = NK/F (x)
n = NK/F (x
n) = NK/F (a) = a
m,
where NK/F denotes the norm ofK to F . So x
nm = 1, and x is periodic. Therefore,
G′ is torsion. Since D is locally finite, G′ can be viewed as locally linear group,
so, by Schur’s Theorem [5, p.154], G′ is locally finite. The Amitsur’s Theorem [9,
2.1.11, p.51] shows that the only unsolvable finite subgroup of a division ring is
SL(2, 5). Hence, if G′ is not locally solvable, then G′ ∼= SL(2, 5). Now, assume that
G′ is locally solvable. Then, by Zaleskii’s result [11], G′ is solvable, so is G. 
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Lemma 2. Let D be a division ring with center F , G a subnormal subgroup of D∗
and assume that M is a maximal subgroup of G. If [M : Z(M)] < ∞, then M is
abelian.
Proof. Suppose that M is non-abelian and {x1, . . . , xm} is a tranversal of Z(M) in
M . Denote by E the subfield of D generated by Z(M) over the prime subfield P
of F , that is E = P (Z(M)), and put
K =
{ m∑
i=1
aixi|ai ∈ E
}
.
Clearly, K is a subring of D. Moreover, K is a division subring of D because
it is a finite dimensional vector space over its center E ⊆ Z(K). Also, we have
CK(M) = Z(K). Since M is a maximal subgroup of G, either M = K
∗ ∩ G or
G ⊆ K∗.
Case 1: M = K∗ ∩G.
In this case, M is subnormal in K∗. For H = 〈x1, . . . , xm〉, we have M =
HZ(M), henceM ′ ≤ H , so H is normal in M . Therefore, H is a finitely generated
subnormal subgroup of K∗, and by [7, Theorem 1], H ⊆ Z(K). In particular, H is
abelian, and this implies that M is abelian too, but this is a contradiction because
by the assumption, M is non-abelian.
Case 1: G ⊆ K∗.
By Stuth’s theorem, either K ⊆ F or K = D. If K ⊆ F , then M ⊆ F that is
a contradiction. Hence, K = D, so D is centrally finite and CD(M) = Z(D) = F .
Take an arbitrary element x ∈ G \M and set H = 〈x, x1, . . . , xm〉. By maximality
of M in G, we have G = HZ(M). Hence, G′ ⊆ H , so H is normal in G, and
consequently, H is a finitely generated subnormal subgroup of D∗. By [7, Theorem
1], H ⊆ F . It follows M ⊆ F that is impossible. 
Theorem 3. ([4, Theorem 3.4]) Let D be a locally finite division ring with center
F and G a subnormal subgroup of D∗. Assume that M is a non-abelian maximal
subgroup of G. If M contains no non-cyclic free subgroups, then [D : F ] < ∞,
F (M) = D, and there exists a maximal subfield K of D such that K/F is a Galois
extension, Gal(K/F ) ∼= M/K∗ ∩ G is a finite simple group, and K∗ ∩ G is the
FC-center. Also, K∗ ∩G is the Fitting subgroup of M .
Proof. Assume that M does not contain non-cyclic free subgroups. We claim that
F (M) = D. Indeed, if F (M) 6= D, then, by Stuth’s theorem, F (M) is not normal-
ized by G. So, by maximality of M in G, we have F (M) ∩ G = M . Thus, M is a
non-abelian subnormal subgroup of F (M)∗ containing no non-cyclic free subgroup
that contradicts to [3, Theorem 11]. Therefore, F (M) = D as we have claimed.
From the last equality, it follows Z(M) = M ∩ F . Since D is locally finite, M is
locally linear group. So, by Tit’s Alternative [10], M is locally solvable-by-finite.
By [9, 3.3.9, p.103], M is (locally solvable)-by-(locally finite). Note that the only
unipotent element of a division ring is 1, so, by [9, 3.3.2, p.96], M is solvable-by-
(locally finite). Therefore, there exists a solvable normal subgroup H of M such
that M/H is locally finite. By [9, Theorem 5.5.1, Part a), p.199], there exists an
abelian normal subgroup A of M such that H/A is locally finite. Hence, by [8,
14.3.1, p.429], M/A is locally finite. Thus, M is abelian-by-(locally finite).
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We claim that there exists an abelian normal subgroup of M which is not con-
tained in F . Indeed, if A is not contained in F , then A is such a subgroup. Other-
wise, A ⊆ F and it follows that M is radical over F because M/A is locally finite.
By Lemma 1, M ′ is locally finite.
Now, let us consider three possible cases.
Case 1: char(F ) > 0.
Since M ′ is locally finite, M ′ is abelian. Denotes by B the maximal abelian
normal subgroup of M containing M ′. The proof of [4, Theorem 3.3 (i)] shows in
particular that B is a normal subgroup of M which is not contained in F .
Case 2: char(F ) = 0 and [D : F ] <∞.
By Tits’ Alternative [10], there exists a normal solvable subgroup S of M such
that M/S is finite. By [6, Lemma 3], S contains a normal abelian subgroup H
such that S/H is finite. Then, B = CoreM (H) is a normal abelian subgroup of M
of finite index. If B ⊆ F , then B ⊆ Z(M), so it follows that [M : Z(M)] < ∞.
Hence, in view of Lemma 2, M is abelian that is a contradiction.
Case 3: char(F ) = 0 and [D : F ] =∞.
Assume thatM ′ is not solvable. By Lemma 1,M ′ ∼= SL(2, 5). If F (M ′)∩G ⊆M ,
then M ′ ⊳ F (M ′) ∩ G and this implies that M ′ is subnormal subgroup of F (M ′).
Since M ′ contains no non-cyclic free subgroup, in view of [3, Theorem 11], M ′ is
contained in the center of F (M ′). In particular, M ′ is abelian that is impossible
because M ′ ∼= SL(2, 5). Thus, F (M ′) ∩ G 6⊆ M . Since M is maximal in G,
(F (M ′) ∩ G)M = G, so G normalizes F (M ′)∗. By Stuth’s theorem, we have
F (M ′) = D that entails [D : F ] < ∞, a contradiction. Therefore, M ′ is solvable.
Let r be a natural number such that M (r) 6⊆ F and M (r+1) ⊆ F . Then, M (r) is
nilpotent, so in view of [9, 2.5.2, p. 73], there is an abelian normal subgroup B
of M (r) of finite index. Now, consider the division subring D1 = F (M
(r)) of D.
Clearly,M (r) normalizes D1. Suppose that G also normalizes D1. SinceM
(r) 6⊆ F ,
by Stuth’theorem, we have F (M (r)) = D1 = D. If {x1, . . . , xm} is a tranversal of B
inM , then F (M (r)) =
∑m
i=1 xiF (B). This implies the right dimension [D : F (B)]r
is finite. By Double Centralizer Theorem, [D : F ] <∞, a contradiction. Hence, D1
is not normalized by G. Then, by maximality ofM in G, we haveD1∩G ⊆M . This
implies that M (r) is subnormal in D1, so M
(r) is a nilpotent subnormal subgroup
of D1. By Lemma [4, Lemma 3.1], M
(r) ⊆ Z(D1), so M
(r) is an abelian normal
subgroup of M which is not contained in F . Thus, we have proved that in all three
cases, there exists an abelian normal subgroup of M which is not contained in F ,
as claimed. The claim is proved.
Now, assume that C is an abelian normal subgroup of M which is not contained
in F . Then, C 6⊆ Z(M) because as we have noted above, Z(M) =M ∩F . Take an
element α ∈ C \ Z(M). Since Z(M) = M ∩ F and M/Z(M) is locally finite, α is
algebraic over F . Set K = F (αM ) and H = CD(K). The condition C ⊳M implies
that the elements of αM in the field F (αM ) have the same minimal polynomial
over F , so |αM | < ∞, hence α is an FC-element. Therefore, we can apply [4,
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Theorem 3.2] for α,K and H . In particular, H∗ ∩G is a subgroup of M . Clearly,
H∗ ∩G is subnormal in H∗. So, by [3, Theorem 11], we have
H∗ ∩G ⊆ Z(H) = CH(H) ⊆ CD(H) = CD(CD(K)) = K.
Therefore, all the requirements of [4, Theorem 3.2] are satisfied. The proof of the
theorem is now complete. 
References
[1] R. Fallah-Moghaddam, Free Subgroups in Maximal Subgroups of SLn(D), J. Algebra Appl.,
doi:10.1142/S0219498821500717.
[2] B. X. Hai, H. V. Khanh, Free subgroups in maximal subgroups of skew linear groups, Internat.
J. Algebra Comput. 29(3) (2019) 603–614.
[3] Bui Xuan Hai and Nguyen Kim Ngoc, A note on the existence of non-cyclic free subgroups
in division rings, Archiv der Math. 101 (2013) 437–443.
[4] B. X. Hai and N. A. Tu, On multiplicative subgroups in division rings, J. Algebra Appl.,
15(3) (2016) 1650050 (16 pages).
[5] T. Y. Lam, A First Course in Noncommutative Rings (GMT 131, Springer, 1991).
[6] M. Mahdavi-Hezavehi, Free subgroups in maximal subgroups of GL1(D), J. Algebra 241
(2001) 720 – 730.
[7] M. Mahdavi-Hezavehi, M. G. Mahmudi and S. Yasamin, Finitely generated subnormal sub-
groups of GLn(D) are central, J. Algebra 225 (2000) 517 – 521.
[8] Derek J. S. Robinson, A Course in the Theory of Groups (Second Edition, Springer, 1995).
[9] M. Shirvani and B. A. F. Wehrfritz, Skew Linear Groups (Cambridge Univ. Press, Cambridge,
1986).
[10] J. Tits, Free subgroups in linear groups, J. Algebra 20 (1972) 250 – 270.
[11] A. E. Zalesskii, The structure of several classes of matrix groups over a division ring (Russian),
Sibirsk. Mat. Z. 8 (1967), 1284–1298; English translation in Siberian Math. J. 8 (1967) 978–
988.
[1] University of Science, Ho Chi Minh City, Vietnam; [2] Vietnam National Univer-
sity, Ho Chi Minh City, Vietnam.
E-mail address: bxhai@hcmus.edu.vn
